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Let A be the principal 3-block of a ﬁnite group G with an abelian
Sylow 3-subgroup P . Let CA be the Cartan matrix of A, and we
denote by ρ(CA) the unique largest eigenvalue of CA . The value
ρ(CA) is called the Frobenius–Perron eigenvalue of CA . We shall
prove that ρ(CA) is a rational number if and only if A and the
principal 3-block of NG (P ) are Morita equivalent. This generalizes
earlier Wada’s theorem in 2007, where he proves it only for the
case that the order of P is nine, while we prove it for the case that
P is an arbitrary ﬁnite abelian 3-group. The result presented here
uses the classiﬁcation of ﬁnite simple groups.
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1. Introduction and notation
In representation theory of ﬁnite groups, one of the most important and interesting objects is
studying the Cartan matrix CA of a p-block A of a ﬁnite group G , where p is a prime. Since CA is
symmetric, indecomposable, and invertible, and since its entries are non-negative integers, it makes
sense to look at the largest eigenvalue of CA . Hence it turns out that CA has the largest eigenvalue
with multiplicity one, which is called the Frobenius–Perron eigenvalue and denoted by ρ(CA). There
are several results on the subject such as [12,13,31,32,21], which are due to M. Kiyota, T. Wada,
M. Murai and N. Kunugi. They are interested in studying integrality of eigenvalues of CA .
In fact, Wada poses the following conjecture:
Conjecture 1.1. (See [32, p. 630].) Suppose that A is a p-block of a ﬁnite group G with a defect group P , where
p is a prime. Then, the following four conditions are equivalent:
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(2) ρ(CA) = |P |.
(3) RA = E A , where R A is the set of all eigenvalues of C A with multiplicities, and E A is the set of all Z-
elementary divisors of C A with multiplicities.
(4) All eigenvalues of C A are in Z.
There are several partial positive answers to 1.1. For instance, 1.1 is true for the cases that P is
cyclic, that the corresponding block algebra A over a ﬁeld is of tame representation type, that A is
the principal 3-block and P is elementary abelian of order 9, and that A is the principal 2-block and
P is abelian, see [12,13,31,32,21].
Related to 1.1, M. Kiyota, M. Murai and T. Wada in [13, Propositions 3 and 4] and T. Wada [32,
Theorem C] ask whether the above four conditions (1)–(4) in 1.1 and the condition (5) stated in 1.2
are equivalent:
Question 1.2. Suppose, furthermore, that a p-block A of G has an abelian defect group P . Let B be a
p-block of NG(P ) which is the Brauer correspondent of A. Is it true that the following condition (5)
is equivalent to the conditions (1)–(4) in 1.1?
(5) The block algebras A and B are Morita equivalent.
Remark 1.3. We note that 1.2 has a negative answer if P is nonabelian, see [13, Example]. However,
there are several positive answers to 1.2, such as the cases that P is cyclic, that A is of tame repre-
sentation type, that A is the principal 3-block with an elementary abelian defect group of order 9,
and that A is the principal 2-block and P is abelian, see [12,13,31,32,21].
The purpose of this paper is to prove that 1.1 holds and to give a positive answer to 1.2, for the
case where A is the principal 3-block of a ﬁnite group with an arbitrary abelian Sylow 3-subgroup P .
This generalizes earlier Wada’s result [32, Theorem C], where he proves 1.1 and 1.2 for the case where
P is of order 9 while we prove the same for an arbitrary ﬁnite abelian 3-group P . Of course we were
inspired by the work of Kunugi and Wada [21], where they prove the same result for principal 2-
blocks of ﬁnite groups with abelian Sylow 2-subgroups.
We actually shall prove the following:
Theorem 1.4. Assume that p = 3. Let G be an arbitrary ﬁnite group with an abelian Sylow 3-subgroup P . Let
A = B0(kG) and B = B0(kNG(P )), respectively, be the principal block algebras of kG and kNG(P ). Then the
following six conditions are equivalent:
(1) ρ(CA) ∈ Z.
(2) ρ(CA) = |P |.
(3) RA = E A , where R A is the set of all eigenvalues of C A with multiplicities, and E A is the set of all Z-
elementary divisors of C A with multiplicities.
(4) All eigenvalues of C A are in Z.
(5) The block algebras A and B are Morita equivalent (even stronger, Puig equivalent).
(6) Set G˜ = O 3′ (G/O 3′ (G)). Then, G˜ has the following structure:
G˜ = G0 × G1 × · · · × Gr
for an integer r  0, where G0 is a ﬁnite abelian 3-group, and G1, . . . ,Gr are one of the following list:
(i) J1 ,
(ii) PSL2(q) with 3|(q − 1),
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(iv) PSL3(q) with 3|(q + 1) and 32(q + 1),
(v) PSU3(q2) with 3|(q − 1),
(vi) PSU3(q2) with 3|(q + 1) and 32(q + 1),
(vii) PSp4(q) with 3|(q − 1),
(viii) PSL5(q) with 3|(q + 1) and 32(q + 1),
(ix) PSU4(q2) with 3|(q − 1),
(x) PSU5(q2) with 3|(q − 1).
Remark 1.5. The nonabelian ﬁnite simple groups showing up in the list of 1.4(6) have the following
Sylow 3-subgroup P : Namely, in (i)–(v) P is cyclic, especially, in (i), (iii) and (iv) |P | = 3. In (vi)–(x)
P = C3n × C3n for a positive integer n, particularly, in (vi) and (viii) P = C3 × C3.
Strategy 1.6. Our procedure is similar to that Kunugi and Wada in [21] take. But, even in such a
strategy, we actually had very serious diﬃculties to reduce to the simple group cases. Fortunately we
succeeded it. The key lemma is 2.3. It is new and looks so elementary. It, however, is quite useful,
and it is deﬁnitely necessary to get our main result 1.4. Additionally, 2.1 is powerful too, which is
also new and due to Okuyama and Wada [25]. Finally, a recent result of the second author [33] works
quite well, too.
Contents 1.7. This paper is organized as follows: In Section 2 we shall give several fundamental and
general lemmas, which are useful and powerful to prove our main result. In Section 3 we shall look
at principal 3-blocks with cyclic defect groups, in Section 4 we shall look at those with noncyclic but
just abelian defect groups. Finally in Section 5 we shall give a complete proof of our main result 1.4.
Notation 1.8. Throughout this paper, we use the following notation and terminology. We mean by a
module a ﬁnitely generated right module unless otherwise stated. We throughout mean by G a ﬁnite
group, and by p a prime number. We denote by a triple (K ,O,k) a splitting p-modular system for G .
Namely, O is a complete discrete valuation ring, K is its quotient ﬁeld of characteristic zero, and k
is the residue ﬁeld O/radO of characteristic p, and we assume that K and k are both splitting ﬁelds
for all subgroups of G . For a non-negative and indecomposable square matrix X , there is uniquely the
largest eigenvalue of X , see [23, §1.4], so that we denote it by ρ(X) and this is called the Frobenius–
Perron eigenvalue of X . Let A be a block (block algebra) of the group algebra kG . We write CA for
the Cartan matrix of A. Then it makes sense to study the Frobenius–Perron eigenvalue ρ(CA) of CA .
For a positive integer n we write Cn and An , respectively, for the cyclic group of order n and the
alternating group on n letters. We use the notation J1, M11, M22, M23, HS , O ′N as used in ﬁnite
group theory. Namely, J1 is the Janko ﬁrst simple group; Mi is the Mathieu group for each i; HS is
the Higman–Sims simple group; and O ′N is the O’Nan simple group. Let H be another ﬁnite group,
and let B be a block algebra of kH . Then, we say that A and B are Puig equivalent if A and B have
a common defect group P and there is an (A, B)-bimodule M such that a pair (M,M∨) induces a
Morita equivalence between A and B; and M , as a right k[G × H]-module, is relatively P -projective
and is a p-permutation module, where M∨ is the k-dual of M and P = {(u,u) ∈ P × P | u ∈ P }, see
[27, Remark 7.5], [22, Theorem 4.1] and [17, 1.11]. We write B0(kG) for the principal block algebra
of kG . For the other notation and terminology, see the books of [24] and [30].
2. Preliminaries
In this section we shall list several lemmas which shall be useful to get our main result.
Lemma 2.1. (See Okuyama and Wada [25].) Let H be a normal subgroup of G with p|G/H|. Suppose that A
and B are block algebras of kG and kH, respectively, such that A covers B. Then, we have ρ(CA) = ρ(CB).
1988 S. Koshitani, Y. Yoshii / Journal of Algebra 324 (2010) 1985–1993Proof. See [25, Theorem 1.1]. 
Lemma 2.2. Let M and N respectively be non-negative indecomposable square matrices. Let M ⊗ N be the
Kronecker product of M and N. Then, we have ρ(M ⊗ N) = ρ(M)ρ(N).
Proof. See [21, Lemma 4]. 
Lemma 2.3. Let f (x) and g(x) be monic polynomials in Z[x] such that
f (x) = xm + am−1xm−1 + · · · + a1x+ a0,
g(x) = xn + bn−1xn−1 + · · · + b1x+ b0
for positive integers m,n; and ai,b j ∈ Z. Suppose that α1, . . . ,αm and β1, . . . , βn are all the roots of the
equations f (x) = 0 and g(x) = 0, respectively. Namely,
f (x) = (x− α1) · · · (x− αm),
g(x) = (x− β1) · · · (x− βn).
We, moreover, assume that αi, β j ∈ R for all i, j, and that
α1 > α2  · · · αm > 0 and β1 > β2  · · · βn > 0,
if m 2 and n 2. If m = 1, then we assume just α1 > 0. Similar for n.
Now, if α1β1 ∈ Z, then it holds that α1 ∈ Z and also β1 ∈ Z.
Proof. Suppose that α1 /∈ Z. We want to get a contradiction. If β1 ∈ Z, then α1 = (α1β1)/β1 ∈ Q, and
hence α1 ∈ Z since α1 is an algebraic integer, a contradiction. Hence β1 /∈ Z. Since α1 /∈ Z and β1 /∈ Z,
it holds that m  2 and n  2. Clearly, a0 = (−1)mα1 · · ·αm , and hence α1(α2 · · ·αm) = (−1)ma0 ∈ Z.
Set q = (−1)ma0/(α1β1), then we have q ∈ Q, q > 0 and α2 · · ·αm = qβ1.
Now, set h(x) = (x − qβ1) · · · (x − qβn). Then, we have h(x) = xn + qbn−1xn−1 + q2bn−2xn−2 + · · · +
qn−1b1x + qnb0. Hence, h(x) ∈ Q[x]. Then, we easily have Irr(qβ1,Q, x)|h(x) and qβ1 > qβ2  · · · 
qβn > 0, where Irr(qβ1,Q, x) is the irreducible polynomial of qβ1 over Q. Thus, qβ1 is the unique
largest root of the equation Irr(qβ1,Q, x) = 0.
Next, set ϕ(x) = ∏mi=1(x − |a0|/αi) = ∏mi=1(x − (α1 · · ·αm/αi)). Then, we can write ϕ(x) = xm +
cm−1xm−1+· · ·+c1x+c0 for c0, c1, . . . , cm−1 ∈ R. Thus, ci ∈ Z[α1, . . . ,αm] for i = 0,1, . . . ,m−1. Since
ci is written as a symmetric polynomial with respect to α1, . . . ,αm , we have that ci is written as a
polynomial of elementary symmetric polynomials with respect to α1, . . . ,αm with coeﬃcients in Z.
Recall f (x) =∏mi=1(x − αi) = xm + am−1xm−1 + · · · + a1x + a0 ∈ Z[x]. Thus ci ∈ Z for all i = 0,1, . . . ,
m − 1, so that ϕ(x) ∈ Z[x]. Obviously, it holds 0 < |a0|/α1 = α2 · · ·αm = qβ1, and hence ϕ(qβ1) = 0.
This yields that Irr(qβ1,Q, x)|ϕ(x). We also have 0 < qβ1 = |a0|/α1 < |a0|/α2  · · · |a0|/αm . Hence,
qβ1 is the unique smallest root of the equation Irr(qβ1,Q, x) = 0.
Therefore, Irr(qβ1,Q, x) = x − qβ1, so that β1 ∈ Q since q ∈ Q and q > 0. Since β1 is an algebraic
integer, we ﬁnally have β1 ∈ Z. This is a contradiction. 
Lemma 2.4. Let A be a p-block of G with a defect group P . Then, for any eigenvalue λ of C A , there is an
algebraic integer μ with λμ = |P |. In particular, if an eigenvalue λ of C A is in Z, the λ||P |.
Proof. See [12, Proposition 4.5]. 
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can canonically consider that GLn(q) ⊆ G via
GLn(q) ∼=
(
GLn(q) 0
0 1
)
⊆ G.
(i) If P is a subgroup of H ∩ GLn(q) = SLn(q), then we have G = H ·CG (P ).
(ii) Set A = B0(kG) and B = B0(kH). If pq and p(qn+1 − 1), then A and B are Morita equivalent, actually
even Puig equivalent.
Proof. (i) By the assumption, we can write P =
(
V 0
0 1
)
for a subgroup V of H ∩GLn(q) = SLn(q). Let α
be a generator of F×q , namely F×q = 〈α〉. Set g =
(
In 0
0 α
)
where In is the unit matrix of degree n. Take
any element u ∈ P . Then, we can write u =
(
v 0
0 1
)
where v is an element of V . It is easy to know that
gu = ug and that gH ∈ G/H has order q − 1 = |G/H|. This implies that G = H〈g〉 = H ·CG(P ).
(ii) Let P be a Sylow p-subgroup of GLn(q). Since |G : GLn(q)| = qn(qn+1 − 1), P is a Sylow p-
subgroup of G , too. Since p(q − 1), we have P ⊆ H . Hence, it follows from (i) that G = H ·CG(P ).
Therefore, we get the assertion by [1, Theorems 1 and 2] and [4, Theorem], see [16, (3.1) Lemma]. 
Lemma 2.6 (Kiyota–Wada). Suppose that A is a block algebra of kG with a cyclic defect group P , and set
H = NG(P ). Moreover, let B be a block algebra of kH such that B is the Brauer correspondent of A. Then, the
following four conditions are equivalent:
(1) ρ(CA) ∈ Z.
(2) ρ(CA) = |P |.
(3) The Brauer tree of A is a star with the exceptional vertex in the center.
(4) The block algebras A and B are Morita equivalent.
Proof. (3) ⇔ (4) is well known. (2) ⇒ (1) is clear. (1) ⇒ (2) and (1) ⇔ (3) are obtained by [12,
Corollary 4.8] and by [12, Proposition 4.7], respectively. 
Corollary 2.7. Let A be a block algebra of kG with a defect group P . If |P | = 3, then ρ(CA) = 3.
Proof. We know CA = (3) or CA =
(
2 1
1 2
)
by Dade’s theorem [3], see [5, Theorem 68.1]. 
Lemma 2.8. Assume that G has a cyclic Sylow p-subgroup P . Set A = B0(kG) and B = B0(kNG(P )). Then,
the following three conditions are equivalent:
(1) The Brauer tree of A is a star with the exceptional vertex in the center.
(2) The block algebras A and B are Morita equivalent.
(3) The block algebras A and B are Morita equivalent via M, where M is the Green correspondent of A with
respect to (G × G,P ,G × H), and hence A and B are Puig equivalent.
Proof. (1) ⇔ (2) is well known. (3) ⇒ (2) is clear. (2) ⇒ (3) is obtained by [17, Corollary 1.4(ii) and
Theorem 1.2(3) ⇔ (4)]. 
3. Principal 3-blocks with cyclic defect groups
Assumption 3.1. From now on till the end of this paper, we assume that p = 3, G is a ﬁnite group
with a Sylow 3-subgroup P = 1 and H = NG(P ). Set A = B0(kG) and B = B0(kH). We denote by q a
power of a prime with q 2.
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with a Sylow 3-subgroup P = 1. Then, P is cyclic if and only if G is one of the following types:
(i) J1 ,
(ii) PSL2(q) with 3q and q > 3,
(iii) PSL3(q) with 3|(q + 1),
(iv) PSU3(q2) with 3|(q − 1).
Proof. See the list in [9, p. 25] and [10, Theorem 4.10.2]. 
Lemma 3.3. If G = J1 , then ρ(CA) = 3.
Proof. This follows by [2, p. 36] and 2.7. 
Lemma 3.4. Assume that G = PSU3(q2) and 3|(q − 1). Then, ρ(CA) ∈ Z.
Proof. This follows by a result of Geck [8, Theorem 4.1] and 2.6. 
Lemma 3.5. Assume that G = PSL2(q). Then, P is cyclic and ρ(CA) ∈ Z if and only if one of the following
holds:
(i) 3|(q − 1),
(ii) q > 3, 3|(q + 1) and 32(q + 1).
Proof. First of all, we may assume G = SL2(q) since A is principal.
Assume (i). Then, 3.2 shows that P is cyclic. It follows from a result of Schur [5, Theorems 38.1
and 38.2] and also a result of Dade [3] (see [5, Theorem 68.1]) that A satisﬁes 2.6(3). Thus, 2.6 yields
that ρ(CA) ∈ Z. Next, assume (ii). Then, |P | = 3, and hence 2.7 implies the assertion.
Conversely, suppose that P is cyclic and ρ(CA) ∈ Z. By 3.2, we know 3|(q+1) or 3|(q−1). We can
assume that 3(q− 1). Hence 3|(q+ 1). Then it follows from [5, Theorems 38.1, 38.2 and 68.1] and 2.6
that 32(q + 1). 
Lemma 3.6. Assume that G = PSL3(q). Then, P is cyclic and ρ(CA) ∈ Z if and only if 3|(q+1) and 32(q+1).
Proof. Assume that P is cyclic and ρ(CA) ∈ Z. Then, 2.6(3) holds by 2.6. By 3.2, we know 3|(q + 1),
and hence 3(q − 1). Thus, we may assume that G = SL3(q). Set G˜ = GL3(q). Hence, P is a Sylow
3-subgroup of G˜ , too. Since p = 3, it follows from a result of Dade [3] (see [5, Theorem 68.1]) and
a result of Fong and Srinivasan [7, Proposition 4] that the Brauer tree of B0(kG˜) is a line with the
exceptional vertex at the end. On the other hand, since |G˜ : GL2(q)| = q(q3 − 1) ≡ 0 (mod 3), we may
assume that P ⊆ SL3(q) ∩ GL2(q) = SL2(q). Clearly, 3(q3 − 1). Thus, we get by 2.5(ii) that B0(kG˜) and
A are Morita equivalent. Since 2.6(3) holds, we get that the multiplicity of the exceptional characters
in B0(kG˜) is one, which means that |P | = 3. Namely, 32(q + 1).
Conversely, assume that 3|(q + 1) and 32(q + 1). Then, |P | = 3, and hence 2.7 yields that
ρ(CA) = 3. 
Lemma 3.7. Let M be the Green correspondent of A with respect to (G ×G,P ,G × H), that is, M is a unique
indecomposable direct summand of A as k[G × H]-module with vertex P . Now, suppose that G is one of the
following types:
(i) J1 ,
(ii) PSL2(q) with 3|(q − 1),
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(iv) PSL3(q) with 3|(q + 1) and 32(q + 1),
(v) PSU3(q2) with 3|(q − 1),
(vi) PSU3(q2) with 3|(q + 1) and 32(q + 1),
(vii) PSp4(q) with 3|(q − 1),
(viii) PSL5(q) with 3|(q + 1) and 32(q + 1),
(ix) PSU4(q2) with 3|(q − 1),
(x) PSU5(q2) with 3|(q − 1).
Then, M induces a Puig equivalence between A and B.
Proof. First of all, consider the cases (i)–(v). It follows from 3.3, 3.5(i), 3.5(ii), 3.6 and 3.4 that
ρ(CA) ∈ Z, and hence we get the assertion by 1.5, 2.6 and 2.8. If (vi) holds, then we obtain the
assertion by [15, (0.2) Theorem]. If (viii) holds, then we get the assertion by [18, (0.2) Theorem].
Next, consider the cases (vii), (ix) and (x). Then, we have the assertion from a result of Puig [26,
Corollaire 3.6], see [28], [14, lines −14∼−6 on p. 392] and [19]. 
4. Finite simple groups with abelian Sylow 3-subgroups
Assumption 4.1. We continue to assume 3.1.
Lemma 4.2. If G is one of the following list, then ρ(CA) /∈ Z.
(i) G ∈ {A6,A7,A8,M11,M22,M23, HS, O ′N},
(ii) G = PSL3(q) with 3|(q − 1) and 32(q − 1),
(iii) G = PSp4(q) with q > 2 and 3|(q + 1),
(iv) G = PSL2(3n) with n 2,
(v) G = PSL4(q) with q > 2 and 3|(q + 1),
(vi) G = PSL5(q) with 32|(q + 1).
Proof. (i) By [32, pp. 637–639], we get the assertion for all groups in (i) except O ′N . So, assume
G = O ′N . Then, it follows from [2, p. 132], [11, p. 76, Table 7], and [12, Proposition 3.3] that |P | = 81 <
133 = c11  ρ(CA), where c11 is the ﬁrst Cartan invariant for A. Thus, by 2.4 we know ρ(CA) /∈ Z.
(ii) This follows from [20, Theorem 1.2] and [32, p. 639].
(iii) Since A is principal, we may assume that G = Sp4(q). Then we obtain the assertion by [33,
Theorem 1.2].
(iv) Similarly to (iii), this follows by [33, Theorem 1.3].
(v) As the above, we may assume G = SL4(q). Since 3|GL4(q) : SL4(q)|, we can assume even G =
GL4(q) by using 2.1. Thus, [33, Theorem 1.1(1)] yields the assertion.
(vi) This follows just as in (v) by using [33, Theorem 1.1(2)]. 
Proposition 4.3. (See Fong [6].) Let G be a ﬁnite group with a non-trivial abelian Sylow 3-subgroup such that
O 3′ (G) = 1 and O 3′ (G) = G. Then,
G = O 3(G) × G1 × · · · × Gr
for an integer r  0 where each Gi is one of the following list:
(i) a ﬁnite nonabelian simple group with cyclic Sylow 3-subgroups,
(ii) A6,A7,A8 , M11,M22,M23, HS, O ′N,
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(iv) PSU3(q2) for a power q of a prime with 3|(q + 1) and 32(q + 1),
(v) PSp4(q) for a power q of a prime with 3|(q − 1),
(vi) PSp4(q) for a power q of a prime with q > 2 and 3|(q + 1),
(vii) PSL4(q) for a power q of a prime with q > 2 and 3|(q + 1),
(viii) PSU4(q2) for a power q of a prime with 3|(q − 1),
(ix) PSL5(q) for a power q of a prime with 3|(q + 1),
(x) PSU5(q2) for a power q of a prime with 3|(q − 1),
(xi) PSL2(3n) for n = 3,4,5, . . . .
Proof. This is given in [6]. We need full use of the classiﬁcation of ﬁnite simple groups. 
Remark 4.4. The simple groups appearing in the list of 4.3 have the following Sylow 3-subgroups.
Namely, the groups in (ii)–(iv) except O ′N have elementary abelian Sylow 3-subgroups of order 32;
O ′N has elementary abelian Sylow 3-subgroups of order 34; the groups in (v)–(x) have Sylow 3-
subgroups of the form C3m × C3m for an integer m  1; and ﬁnally, PSL2(3n) has elementary abelian
Sylow 3-subgroups of order 3n .
5. Proof of the main result
Proof of 1.4. (3) ⇒ (4) ⇒ (1) is trivial. (5) ⇒ (3) ⇒ (2) ⇒ (1) is obtained just as in [21, line 8 on
p. 4408].
(6) ⇒ (5): We get the assertion essentially just parallel to [21, Proof of (e) → (d)]. However, for
convenience of readers we shall give a complete proof in detail.
Since all the block algebras we treat with here are principal, we may assume O 3′(G) = 1. Hence,
G˜ = O 3′ (G) = G0 × G1 × · · · × Gr . We can write P = G0 × P1 × · · · × Pr , where G0 = O 3(G) and Pi
is a Sylow 3-subgroup of Gi for i = 1, . . . , r. Set H˜ = NG˜(P ), and Hi = NGi (Pi), Ai = B0(kGi) and
Bi = B0(kHi) for each i = 1, . . . , r. Hence H˜ = G0 × H1 ×· · ·× Hr . Let Mi be a unique indecomposable
direct summand of Ai with vertex Pi , as k[Gi × Hi]-module, as in 3.7 for i = 1, . . . , r. Set M˜ =
kG0⊗M1⊗· · ·⊗Mr , where the tensor products are taken over k. Then, M˜ is a unique indecomposable
direct summand of A˜, as k[G˜ × H˜]-module with vertex P . Since each Mi realizes a Puig equivalence
between Ai and Bi for each i by 3.7, we know that M˜ realizes a Puig equivalence between A˜ and B˜ .
Now, set G ′ = G˜·CG(P ) and H ′ = NG ′(P ), and hence we have H ′ = H˜ ·CH (P ) since CG(P ) =
CG ′ (P ) = CH ′ (P ). Set A′ = B0(kG ′) and B ′ = B0(kH ′). Then, it follows from [1, Theorems 1 and 2] and
[4, Theorem] that A′ and A˜ are isomorphic. Actually, it turns out that A′ and A˜ are Puig equivalent
via A′ , see [16, (3.1) Theorem]. Similarly, B ′ and B˜ are Puig equivalent via B ′ . Set M ′ = A′ ⊗ A˜ M˜ ⊗B˜ B ′ .
Hence M ′ is a unique indecomposable direct summand of A′ with vertex P as k[G ′ × H ′]-module.
Moreover, M ′ realizes a Puig equivalence between A′ and B ′ by [16, (3.1) Lemma and (3.2) Lemma].
Therefore we can extend the Puig equivalence between A′ and B ′ to that between A and B by making
use of [16, (3.5) Lemma].
(1) ⇒ (6): First of all, we may assume O 3′(G) = 1 since A is principal. Second of all, we can
assume even O 3
′
(G) = G by 2.1. Hence we get by 4.3 that G = G0 × G1 × · · · × Gr for a non-negative
integer r such that G0 is a ﬁnite abelian 3-group, and Gi is one of the list (i)–(xi) in 4.3 for each i.
Let Pi be a Sylow 3-subgroup of Gi , and set Ai = B0(kGi) for each i. We know by (1), 2.2 and 2.3
that Gi satisﬁes the condition that ρ(CAi ) ∈ Z for any i.
Now, consider the case where Pi is cyclic, which is 4.3(i). Then, we get by 3.3, 3.5, 3.6 and 3.4
that (i)–(v) hold.
Next, suppose that Pi is noncyclic. By 4.2(i), no groups in 4.3(ii) satisfy (1). By 4.2(ii), the groups
in 4.3(iii) are excluded. The groups in 4.3(iv) are on a list (vi). The groups in 4.3(v) are on a list (vii).
The groups in 4.3(vi) are excluded by 4.2(iii). The groups in 4.3(vii) are excluded by 4.2(v). The groups
in 4.3(viii) are on a list (ix). For the groups in 4.3(ix), if 32|(q + 1) then they are excluded by 4.2(vi);
and if 3|(q + 1) and 32(q + 1) then they are on a list (viii). The groups in 4.3(x) are on a list (x).
S. Koshitani, Y. Yoshii / Journal of Algebra 324 (2010) 1985–1993 1993Finally, the groups in 4.3(xi) are excluded by 4.2(iv). Therefore, we get (6) by making use of 4.3. This
completes the proof of 1.4. 
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